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Abstract 

In a previous paper [I], a point of order 8 on an elliptic curve was 
calculated. Exploiting the well-known correspondence of the points on 
an elliptic curve with the points of a respective period parallelogram, 
we proceed to calculating all values at the eighth lattice points of an 
essential elliptic function which we, here, introduce. 

Given a complex parameter (3, introduce an essential elliptic function TZ = 
Tip as the solution, with a (double) pole at zero, of the differential equation 

TZ' 2 = ATZ(TZ + (3) (K + 1//3) . 

The function TZ differs by an additive constant from a Weierstrass elliptic 
function p satisfying the differential equation 

p' 2 = 4 - a) (p - a + (3) (p - a + , a := ^±111 , 
Explicitly 

1Z = p — a. 

Assuming that > 1, the lattice A of TZ (and of p) is rectangular \2\. Put 

" = fl-^.' = ^.7- = i-i<^ = i + i,7 = i-f (i==V=T), 

and set {(3k} and k = 0,1,2,3, to be the two sequences obtained by 

respectively replacing, with (3 and 5, the indeterminate x in the ascending, 
for x > 1, sequence 



./•(■] — 1 — \J X + 1 < X\ = 1 — \ ll H <X2 = l + -\/lH <X3 = 1 + y/x + 1. 

x V x 
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Put 

, . <^2 ^ n . ^1^3 ^ . £(A ^ 1 . #2^3 

702 = 1 + -y- < 7i3 = 1 + -y- < 7oi = 1 + -y- < 723 = 1 + 



= i-,/i-i<^ = i + yi-i, 



= ' 1 + '"v 1 "'<^ = i+v 1 + '"v 1 "', 

70 = 1 -iy/P=T, 7- = 1 - ^ L , 7+ = 1 - ^ ^ 

The values of TZ at the nodes of the lattice A/8 might now be represented as 
in the figure that follows (with the bar above a variable denoting complex 
conjugation). Yet, 4 values remain to be explicitely calculated. These are 



741 = 1 - 



U+T\ ( 1 / r VW+i\IVW+i + V2 

v — ) {'-p-T-w^ p 



- 1, 



P + l\f 1 . / r vT^TTJvtTTT+v^ 



742 = 1 — \/ o 1-75 + M 1-^- 



2 / \ /? V /3 2 

- 1, 
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where 

J+l, x>0, 
sgn(x) := < 

1—1, x < 0, 

and 6 is the real root of the polynomial x 3 — x 2 — x — 1: 



1 + V19 - 3^33 + V 19 + 3^ 

— — ^ - v -—^ — « 1.839286759736968868. 



The mapping of the period rectangle by the function lZp, for /3 = (3 + a/5) /2 
(a = 1), is represented by the next (colorful) figure, where the red lines are 
images of lines parallel to the real axis, whereas the blue lines are images 
of lines parallel to the imaginary axis. In particular, the point at the center 
of one of the half-period rectangles is mapped to an intersection point of 
the red circle (centered at — (3 with radius (3/6) with the blue unit circle 
(centered at the origin). One might then observe that the value of the square 
of the logarithmic derivative of TZp at that point is 4d, coinciding (up to an 
independent of constant multiple) with the square root of the discriminant 
of the cubic on the right hand side of the differential equation satisfied by Hp 
(or by p). This value corresponds to the point of order 4 which one might 
obtain by doubling the point of order 8 described in [TJ. The points where 
Hp assumes the two values ±1 correspond to the points of order 4 given in 
[21 §20.33, p. 444]. The latter observation provides an indirect, yet already 
convincing, a justification for introducing the essential elliptic function as 
an alternative, to Weierstrass elliptic function, for being more naturally, and 
thus more conveniently, investigated. The two circles are orthogonal and each 
circle inverts the lines of its own color from its inside to their corresponding 
same color lines outside and, of course, vice versa, whereas the lines whose 
color is that of the other circle (some of which continue beyond the boundaries 
of the figure) are inversion- invariant. Further elaboration might ensue in a 
subsequent paper. 
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The values of the essential elliptic function 1Z, satisfying the differential equation 
II' 2 = 411(11 + 13) {11 + 1/0), for /3 > 1, whose lattice is A, 
at the nodes of the lattice A/8. 



